Let us start with the outline of the theory of the eigenfunction expansion for the second order differential operator due to H. Weyl, M. H. Stone, E. C. Titchmarsh and K. Kodaira. Consider a differential expression with suitable boundary conditions defined in an open interval (a, V) and take any linearly independent system of solutions (SiOe, X), s s (x, X) of L(u)=Au such that each s,-0r, <l) is extendable to an entire function of A for every #. Using SxOe, -0 and s t (jc, -0, we can construct a (2, 2) -matrix P(,J) = ( depending on /5 with is called the measure matrix. Writing with we obtain an isonorphism :
(0. 3) 0, 00 -/(*) 5, (*, ^)rf* * = 1, 2.
It is easy to see that any linearly independent system of solutions (ti(x, A), 4 (#, -0), each £•(#, >0 being extendable to an entire function of A, is obtained by the transformation ti (x, *) = ite/ » sj (x, X) i = l,2 j=i and vice versa, where each tf^OO is extendable to an entire function of ^ and det(0 f -/) never vanishes in the complex A-plane. 0,-(^) and dpu(X) are transformed by each transformation as follows: and where (tf^OO) is the inverse matrix of (X-/00)-Even if we take instead of 0,vOO, /, y = l, 2 measurable functions AvO), *',;' = 1,2 with det (i,vW)=^0, the *,(*, <0, f = l, 2 obtained above will form a linearly independent system of solutions of L(M) =^w and we have the same isomorphism as above, though each £,-(#, A) is not necessarily extendable to an entire function of A any more.
Let us call for the former transformation by (X-/00) analytic and the latter one by (&/00) measurable. As is well-known, <f <;, •, • 00 turns out to be diagonal by a suitable measurable transformation, see Dunford and Schwartz [3] XII, 5, while such a diagonalization is not always possible by analytic transformations.
The aim of the present paper is to discuss the diagonalization of the measure matrix by analytic transformations that will be called the analytic diagonalization. If the measure matrix for L is analytically diagonalizable we simply say that L is analytically diagonalizable.
In Section 1 we shall give a necessary and sufficient condition for L to be analytically diagonalizable. In Section 2 we shall use this to construct an example of L which is not analytically diagona-lizable and to see that the case of symmetric potentials is a typical example which is analytically diagonalizable. In section 3 we shall give some examples which can be obtained by purturbating symmetric potentials and are still analytically diagonalizable.
We shall follow K. Kodaira [7] as to the notations. I want to thank professor K. Ito for his interest given to this work. § 1. A condition for the possibility of the analytic diagonalization of L.
Given a differential expression:
, where p(x), #00 are real-valued functions defined in (a, ft), />(#) has continuous first derivative, q(x~) is continuous and />(#)>() for #<#<Cft, let us consider the differential equation
where / means a complex parameter. By a system of fundamental solutions we shall mean a system of two solutions s^x, /), s 2 The measure matrix dP(Ji) is positive semi-definite and symmetric. Let //"denote the Hilbert space L 2 ((a, i) ; dx) where the norm of u will be denoted by \\u\\. Next, we consider /^-measurable vector functions 000 = (0i(^), 0 2 (^)) and put Then J?*= {0/||0|U<°°} constitutes a Hilbert space, and the transformation
proves to be a unitary transformation from H onto H*, whose inverse is given by
Now we introduce a new definition:
Definition. A differential expression L in (1.1) will be analytically diagonalizable if there exists a system of fundamental solutions (Si(#,/), s a (#,/)) and a system of characteristic functions (/«(/), /&(/)) of (SiOt, /), s a (#,/)) such that the measure matrix defined by (1. 4) is a diagonal matrix for any real number L For the sake of simplicity we shall say that L is diagonalizable when L is analytically diagonalizable.
For any y>>0 the characteristic matrix Jf (/) can be represented as follows: In this section and the next section we shall assume with no loss of generality that />(#)=! and (0, ft) = (-°o, «0, and call q(x) in (1. 1) the potential of L. Moreover we assume that L is of the limit point type both at -oo and at +w, for L is always diagonalizable if L is of the limit circle type either at -oo or at oo. ) respectively, we clearly obtain
Let us assume that L is diagonalizable. Then there exists a system of characteristic functions (/?«(/), /!(/)) such that /*//*» is meromorphic. Therefore denoting by §1* (or SI^L) the set of real numbers A such that /* (or /*«,) is not meromorphic at /?, we obtain where SIi (or S1 2 ) is the set of real numbers A such that /i (or/ 2 ) is not meromorphic at ^. It well-known that the essential spectrum of LI (or LZ) is independent of the special choice of its boundary conditions. 50 Therefore it follows from the spectral formula (1. 4) that 2Ii (or §1 2 ) is the essential spectrum of L± (or Z, 2 ) -Using (2. 6) we obtain Hence 3li=£2l 2 , so that L is not diagonalizable. Next, let us consider the case that the potential q (#) is symmetric i.e. q(x)=q ( -x) . In this case we have which shows that L is diagonalizable by the natural system of fundamental solutions.
Conversely, let us assume that L is diagonalizable by a natural system of fundamental solution (s°, s5). Taking (/loo, /L) as above and denoting with rfP°0) = (dp,°jCO) the measure matrix defined by (/-co, /I), we obtain (2. 7) where n :, /)=
From (2. 7) we obtain 3) [9] . p. 115-119. 4) [7] . p. 931, (2.12). On the other hand we have in general, where £ is a real number. 53 Therefore we obtain or In addition to this fact, the characteristic function /i(/) (or /«(/)) uniquely determines the potential #iOO (or # 2 00). 6) Hence in this case we have From the result of Section 2 we know the following: If the potential #(#) is not symmetric at infinity, for example the limits of #00 exist and lim # 00 ^ litn # 00 ,
T-^CQ t-5>-00
L is not diagonalizable. The symmetric potential q(x)=q( -%} is a typical potential which makes L diagonalizable. These fact will suggest the following question: In case the potential #00 of L is obtained by suitable perturbation of a sym-5) [1] . p. 285 5 [6] . p. 338, [9] . p. 119. 6) [1] . Lemma 1. metric potential, is L diagonalizable ? we cannot give a complete answer to this question, but we shall discuss some examples which might suggest the solution more or less.
Let us consider two potentials #(#) an d #o(#) in (-°°, +00).
We put Let (sj, sj) (or (#,#!)) denote the natural system of fundamental solutions of L (or L 0 ) and (/-«, /L) (or (^°_^ ^L)) the system of characteristic functions of (sj, 5°) (or (£J, £°))-Now we impose the following assumption: There exist two positive constants k and e such that satisfies (1. 5) and (f*™, /*) satisfies (3.5) in the whole /-plane. In the case (2) that qu(.x) = -x*, the essential spectrum of L 0 is the whole real axis, so that the situation is much easier than the case (1) ; it is sufficient to put 0=0 and 5=1. 
